In the present paper, an elliptic equation with Hardy-Sobolev critical exponent, Hardy-Sobolev-Maz'ya potential and sign-changing weights, is considered. By using the Nehari manifold and mountain pass theorem, the existence of at least four distinct solutions is obtained.
Introduction
In this paper, we consider the multiplicity results of nontrivial nonnegative solutions of the following problem ( , − is the critical Sobolev exponent, see [1] [2] [3] and references therein. The quasilinear form of (1) is discussed in [4] . Some results are already available for ( , λ µ  ). Wang and Zhou [5] proved that there exist at least two solutions for ( , Our motivation of this study is the fact that such equations arise in the search for solitary waves of nonlinear evolution equations of the Schrodinger or Klein-Gordon type. Roughly speaking, a solitary wave is a nonsingular solution, which travels as a localized packet in such a way that the physical quantities corresponding to the invariances of the equation are finite and conserved in time. Accordingly, a solitary wave preserves intrinsic properties of particles such as the energy, the angular momentum, and the charge, whose finiteness is strictly related to the finiteness of the norm. Owing to their particle-like behavior, solitary waves can be regarded as a model for extended particles and they arise in many problems of mathematical physics, such as classical and quantum field theory, nonlinear optics, fluid mechanics, and plasma physics.
Concerning existence results in the case m N < , we cite [7] Bouchekif and El Mokhtar [12] proved that ( , λ µ  ) admits two distinct solutions
where * Λ is a positive constant. Terracini [5] proved that there is no positive solutions of ( , λ µ  ) with 0 λ = when 0 µ < . The regular problem corresponding to has been considered on a regular bounded domain Ω by Tarantello [13] . She proved that, with a nonhomogeneous term
H Ω , not identically zero and satisfying a suitable condition, the problem considered admits two distinct solutions. Before formulating our results, we give some definitions and notations.
We denote by
We list here a few integral inequalities.
The starting point for studying ( , λ µ  ), is the Hardy inequality with cylindrical weights [10] . It states that
Since our approach is variational, we define the functional J on µ  by [14] , S µ is achieved. We consider the following assumptions:
(K) k is a continuous function defined in Ω and satisfies ( ) ( )
h is a continuous function defined in Ω and there exist 0
In our work, we research the critical points as the minimizers of the energy functional associated to the problem ( , 
Now we can state our main results. Journal of Applied Mathematics and Physics This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last Section, we prove the Theorem 3. 
Preliminaries
Definition 1. Let c ∈  , E a Banach space and ( ) 1 , I C E ∈  . 1) ( ) n n u is a Palais-Smale sequence at level c (in short (PS) c ) in E for I if ( ) ( ) ( ) ( ) 1 and 1 ,
Nehari Manifold
It is well known that J is of class 1 C in µ  and the solutions of ( , λ µ  ) are the critical points of J which is not bounded below on µ  . Consider the following Nehari manifold Proof. If u ∈  , then by (3) and the Hölder inequality, we deduce that
Thus, J is coercive and bounded from below on  . 
Now, we split  in three parts:
We have the following results.
Proof. If 0 u is a local minimizer for J on  , then 0 u is a solution of the optimization problem
Hence, there exists a Lagrange multipliers θ ∈  such that 
and
From (6) and (7), we obtain 0 λ λ ≥ , which contradicts an hypothesis.
For the sequel, we need the following Lemma. 
By (4), we get ( ) 
Proof. With minor modifications, we refer to [15] .
Proof of Theorem 1
Now, taking as a starting point the work of Tarantello [16] , we establish the ex- ∈  , then by Lemma 3, we may assume that 0 u + is a nontrivial nonnegative solution of ( , λ µ  ). By the Harnack inequality, we conclude that 0 0 u + > , see for example [17] . Journal of Applied Mathematics and Physics
Proof of Theorem 2
Next, we establish the existence of a local minimum for J on −  . For this, we require the following Lemma. 
Proof. If 
Proof of Theorem 3
In this section, we consider the following Nehari submanifold of  
Proof. We can suppose that the minima of J are realized by ( )
The geometric conditions of the mountain pass theorem are satisfied. Indeed, we have:
1) By (5), (12) 
Conclusion
In our work, we have searched the critical points as the minimizers of the energy functional associated with the problem on the constraint defined by the Nehari manifold  , which are solutions to our problem. Under some sufficient conditions on coefficients of equation of (2), we split  in two disjoint subsets 
